Necessary and sufficient conditions of orthogonality of left (right) linear (alinear) quasigroups in various combinations are given. As corollary we obtain conditions of parastroph orthogonality of left (right) linear (alinear) quasigroups. Any linear (alinear) quasigroup over the group S n (n = 2; 6) is not orthogonal to its (12)-parastrophe.
Introduction
In [5] complete k-recursive MDS-codes are constructed using the systems of n-ary (n ≥ 2) orthogonal quasigroups. Systems of orthogonal n-ary operations (n ≥ 2) are used by construction of some cryptoalgorithms [4, 13] . Therefore the study of quasigroup orthogonality is important from theoretical and "practical" point of view.
In introduction we give some basic definition. For more detailed information on basic concepts used in the paper it is possible to see [1, 3, 11, 12] . Definition 1. A binary groupoid (Q, A) with binary operation A such that in the equality A(x 1 , x 2 ) = x 3 knowledge of any two the elements x 1 , x 2 , x 3 uniquely specifies the remaining one is called a binary quasigroup [2] .
2 Parastrophes of left(right) linear (alinear) quasigroups Lemma 15 . Suppose that quasigroup (Q, ·) is linear with the form x · y = ϕx + ψy + c over a group (Q, +). Then its parastrophes have the following forms:
1. x (12) · y = ϕy + ψx + c;
2. x Case 2. By definition of parastrophy x· y = z ⇔ z (13) · y = x. From equality x· y = ϕx+ ψy + c = z
we have ϕx = z − c − ψy, x = z (13) · y = ϕ −1 z − ϕ −1 c − ϕ −1 ψy. If we replace the letter z by the letter x, we obtain x Recall, by Lemma 12, ϕ = Iϕ, ψ = Iψ. Below we shall use this relations without additional comments.
Lemma 16. Suppose that quasigroup (Q, ·) is alinear with the form x · y = ϕx + ψy + c over a group (Q, +). Then its parastrophes have the following forms:
2. x Case 2. By definition of parastrophy x· y = z ⇔ z (13) · y = x. From equality x· y = ϕx+ ψy + c = z we have ϕx = z − c − ψy, x = z If we replace the letter z by the letter x, we obtain x (13) · y = Iϕ −1 ψy + IJ ϕ −1 c ϕ −1 x + ϕ −1 c.
Case 3. By definition of parastrophy x·y
If we replace the letter z by the letter y, we obtain x (23)
c. Cases 4 and 5 are "(12)-parastrophes" of Cases 2 and 3, respectively.
Remark 17. From Lemma 16 it follows that any parastrophe of an alinear quasigroup is alinear.
Lemma 18. Suppose that (Q, ·) is left linear right alinear quasigroup with the form x·y = ϕx+Iψy+c over a group (Q, +). Then its parastrophes have the following forms:
1. x (12) · y = ϕy + Iψx + c;
Proof. Case 1 is clear.
Case 2. From equality x · y = ϕx + ψy + c = z we have ϕx = z − c − ψy, x = z
If we replace the letter z by the letter x, we obtain x (13)
Case 3. From equality x · y = ϕx + Iψy + c = z we have
If we replace the letter z by the letter y, then we obtain x 1. x (12) · y = Iϕy + ψx + c; 
If we replace the letter z by the letter y, we obtain x
· y = ψ −1 ϕx + ψ −1 y + Iψ −1 c. Cases 4 and 5 are "(12)-parastrophes" of Cases 2 and 3, respectively.
Orthogonality of left (right) linear (alinear) quasigroups
In this section we give conditions of orthogonality of a pair of left (right) linear quasigroups over a group (Q, +).
Definition 20. Binary groupoid (G, •) is isotopic image of a binary groupoid (G, ·), if there exist permutations α, β, γ of the set Q such that x • y = γ −1 (αx · βy). The ordered triple of permutations (α, β, γ) of the set Q is called an isotopy.
In Lemma 21 a square is the inner part of Cayley table of a finite groupoid.
Lemma 21. Squares S 1 (Q 1 ) and S 2 (Q 2 ) are orthogonal if and only if their isotopic images are orthogonal with the isotopies of the form T 1 = (ε, ε, ϕ) and T 2 = (ε, ε, ψ), respectively [9, Lemma 7] . Proof. We follow [15, Theorem 7] . Quasigroups (Q, ·) and (Q, •) are orthogonal if and only if the system of equations ϕx + βy = a ψx + δy = b
has a unique solution for any fixed elements a, b ∈ Q. We solve this system of equations in the usual way.
We perform the following transformation: (I row + II row → I row) and obtain the system:
Write expression −ϕ −1 βy + ψ −1 δy as follows (−ϕ −1 β + ψ −1 δ)y. Then the system (1) is equivalent to the following system (−ϕ
It is clear that the system (1) has a unique solution if and only if the mapping (−ϕ −1 β + ψ −1 δ) is a permutation of the set Q. Proof. Quasigroups (Q, ·) and (Q, •) are orthogonal if and only if the system of equations
We perform the following transformation: (II row + I row → I row) and obtain the system:
Substitute the right side of the second equation of the system (3) in the first equation of this system instead of the variable y:
Then the system (3) is equivalent to the following system
Further we have
The systems (2) and (4) are equivalent. It is clear that the system (2) has a unique solution if and only if the mapping (
Remark 25. If in conditions of Theorem 24 (Q, +) is an abelian group, then expression
, since in any abelian group any inner automorphism is the identity automorphism.
Remark 26. Even in the case, when the group (Q, +) is a finite cyclic group, the solution of equation
is sufficiently complicate computational problem, since in general case permutation δ is not an automorphism of the group (Q, +), This remark also applies to the similar theorems that are given below.
By Lemma 13 any right linear quasigroup (Q, ·) over a group (Q, +) has the form x · y = αx + ϕy, where α ∈ S Q , ϕ ∈ Aut(Q, +).
Theorem 27. Right linear quasigroups (Q, ·) and (Q, •) of the form x · y = αx + ϕy and x • y = γx+ψy, respectively, which are defined over a group (Q, +), are orthogonal if and only if the mapping
Proof. Quasigroups (Q, ·) and (Q, •) are orthogonal if and only if the system of equations
We do the following transformation: (I row + II row → I row) and obtain the system:
Then the system (5) is equivalent to the following system (ϕ
It is clear that the system (5) has a unique solution if and only if the mapping (ϕ
Theorem 28. Right alinear quasigroups (Q, ·) and (Q, •) of the form x · y = αx + ϕy and x • y = γx+ψy, respectively, which are defined over a group (Q, +), are orthogonal if and only if the mapping
Then the system (6) is equivalent to the following system
It is clear that the system (6) has a unique solution if and only if the mapping (−(ϕ)
Theorem 29. Left alinear quasigroups (Q, ·) and (Q, •) of the form x · y = ϕx + βy and x • y = ψx+δy, respectively, which are defined over a group (Q, +), are orthogonal if and only if the mapping
has a unique solution for any fixed elements a, b ∈ Q. We solve this system of equations in the usual way:
We do the following transformation: (I row + II row → II row) and obtain the system:
Then the system (7) is equivalent to the following system:
It is clear that the system (7) has a unique solution if and only if the mapping ((ϕ)
Remark 30. The mapping ((ϕ) −1 β − (ψ) −1 δ) from Theorem 29 it is possible to write also in the form ((ϕ)
Theorem 31. Left linear quasigroup (Q, ·) and right alinear quasigroup (Q, •) of the form x · y = ϕx + βy and x • y = γy + ψx, respectively, which are defined over a group (Q, +), are orthogonal if and only if the mapping (ψ −1 γ + ϕ −1 β) is a permutation of the set Q.
We make the following transformation: (I row + II row → I row) and obtain the system:
Then the system (8) is equivalent to the following system
It is clear that the system (8) has a unique solution if and only if the mapping −ϕ −1 β + (ψ) −1 γ is a permutation of the set Q. We simplify the last equality.
Therefore the system (8) has a unique solution if and only if the mapping (ψ −1 γ + ϕ −1 β) is a permutation of the set Q. 
We simplify the left part of the first equation of system (10) using the second equation of this system:
Then the system (10) is equivalent to the following system
It is clear that the system (9) has a unique solution if and only if the mapping (ψ 
Write expression (ϕ) −1 βy−ψ −1 γy as follows ((ϕ) −1 β−ψ −1 γ)y. Then the system (11) is equivalent to the following system ((ϕ)
It is clear that the system (11) has a unique solution if and only if the mapping ((ϕ)
is a permutation of the set Q. We solve this system of equations as follows:
where J γy δx = γy + δx − γy. Notice γ −1 J γy δx = J y γ −1 δx. Further we have:
If in the system (12) we add the first and the second row and write the sum instead of second row (I + II → II), then we obtain the following system
Therefore we can rewrite the system (13) in the following form
Rewrite the left part of the second equation of the system (14) in the following form
Further, taking into consideration first equation of the system (14), we have:
Similarly, as in Theorem 23, we write expression
The system (14) takes the form
From the system (15) it follows that quasigroups (Q, ·) and (Q, •) are orthogonal if and only if the map (−J β −1 (a−c) γ −1 δ + β −1 α) is a permutation of the set Q for any element a ∈ Q. Denote the expression β −1 (a − c) by the letter t. We can reformulate the last condition as follows: quasigroups (Q, ·) and (Q, •) are orthogonal if and only if the map (−J t γ −1 δ +β −1 α) is a permutation of the set Q for any element t ∈ Q.
Taking into consideration that we have not proved an analogue of Lemma 13 for linear quasigroup, we give independent from Theorems 27 and 23 proof of the following Theorem 36. [15] . A linear quasigroup (Q, ·) of the form x · y = αx + βy + c and a linear quasigroup (Q, •) of the form x • y = γx + δy + d, both defined over a group (Q, +), are orthogonal if and only if the map (−γ −1 δ + α −1 β) is a permutation of the set Q.
has a unique solution for any fixed elements a, b ∈ Q. We solve this system of equations as follows:
In the last system we add the second and the first row and write the sum instead of second row (II + I → II). We obtain the following system
Similarly as in Theorem 23 we write expression −γ Proof. Taking into consideration that the map I(x) = −x is an automorphism of an abelian group (Q, +) and a permutation of the set Q of order two, we have
Lemma 39. In conditions of Theorem 37 the following statements are equivalent: "the endomorphism (α −1 β − γ −1 δ) is an automorphism of (Q, +)" and "the endomorphism (β −1 α − δ −1 γ) is an automorphism of (Q, +)".
Proof. The map (α −1 β − γ −1 δ) is a permutation of the set Q if and only if the map ε − αγ −1 δβ −1 is a permutation of the set Q. Indeed, α(α We solve this system of equations as follows:
where
Iδx. Further we have:
If in the system (18) we add the second and the first row and write the sum instead of the second row (II + I → II), then we obtain the following system
Therefore we can rewrite the system (19) in the following form
Rewrite the left part of the second equation of the system (20) in the following form
Similarly, as in Theorem 23, we write expression β
The system (20) takes the form
From system (21) it follows that quasigroups (Q, ·) and (Q, •) are orthogonal if and only if the map (β
is a permutation of the set Q for any element a ∈ Q. Denote the expression β −1 (a − c) by the letter t. We can reformulate the last condition as follows: quasigroups (Q, ·) and (Q, •) are orthogonal if and only if the map (β −1 α − J t γ −1 δ) is a permutation of the set Q for any element t ∈ Q. We solve this system of equations as follows:
If in the last system we add the first and the second equation and write the sum instead of the second equation (I + II → II), then we obtain the following system
Therefore we can rewrite system (22) in the following form
Rewrite the left part of the second equation of system (23) in the following form
We write expression J Iϕ −1 a ψ −1 γy − ϕ −1 βy in the following form (J Iϕ −1 a ψ −1 γ − ϕ −1 β)y. The system (23) takes the form
From system (24) it follows that quasigroups (Q, ·) and (Q, Proof. Since the group Inn(Q, +) acts transitively, then in conditions of Theorem 35 there exists an element s ∈ Q such that J s γ −1 δ = β −1 α, i.e., such that (−J s γ −1 δ + β −1 α)x = 0 for any x ∈ Q. In conditions of Theorem 42 there exists an element d ∈ Q such that (β
Lemma 46.
1. If in conditions of Theorem 35 the group (Q, +) is symmetric group S n (n = 2; 6), then does not exist orthogonal quasigroups (S n , ·) and (S n , •).
If in conditions of
Theorem 42 the group (Q, +) is symmetric group S n (n = 2; 6), then does not exist orthogonal quasigroups (S n , ·) and (S n , •).
Proof. By Gölder theorem Aut(S n ) = Inn(S n ) for any natural number n, n = 2; 6 [p. 67] [6] .
Orthogonality of parastrophes of left(right) linear(alinear) quasigroups
Theorem 47. For a linear quasigroup (Q, A) of the form A(x, y) = ϕx + ψy + c over a group (Q, +) the following equivalences are fulfilled:
is a permutation of the set Q for any t ∈ Q;
2. A⊥A 13 ⇐⇒ the map (ϕJ Iϕ −1 c + ε) is a permutation of the set Q;
3. A⊥A 23 ⇐⇒ the map (ε + ψ) is a permutation of the set Q;
4. A⊥A 123 ⇐⇒ the map (ϕJ
is a permutation of the set Q;
5. A⊥A 132 ⇐⇒ the map (ϕ 2 + ψ) is a permutation of the set Q.
Proof. We make the following transformations:
The last map is a permutation if and only if the map (ϕJ Iϕ −1 c + ε) is a permutation of the set Q.
Case 3. Using Theorem 27 we have: A⊥A 23 if and only if the map ψ −1 ϕ−ψIψ −1 ϕ is a permutation of the set Q. We simplify the last equality in the following way:
Therefore A⊥A 23 if and only if the map (ε + ψ) is a permutation of the set Q. Case 4. From Theorem 31 it follows that A⊥A 123 if and only if the map
is a permutation of the set Q. We make the following transformation of expression (25):
We obtain: A⊥A 123 if and only if the map (ϕJ
is a permutation of the set Q. Case 5. From Theorem 34 we have: A⊥A 132 if and only if the map (Iψ
ϕ is a permutation of the set Q. We simplify the last equality in the following way:
Therefore A⊥A 132 if and only if the map (ϕ 2 + ψ) is a permutation of the set Q.
We simplify the last equality in the following way: 
is a permutation of the set Q. We make the following transformation of expression (27):
We obtain: A⊥A 123 if and only if the map (ϕ Therefore A⊥A 132 if and only if the map (ϕ
is a permutation of the set Q.
Corollary 52. Any alinear quasigroup over the group S n (n = 2; 6) is not orthogonal to its (12)-, (13)-, and (23)-parastrophe.
Proof. It is possible to use Theorem 51 and Lemma 46.
We give direct proof. From Case 1 of Theorem 51 and properties of the group S n it follows that there exists an element w ∈ S n such that (ψ −1 ϕ − J w ϕ −1 ψ)x = 0 for any x ∈ S n . Cases 2 and 3 are proved in the similar way. We simplify the last equality in the following way:
Therefore A⊥A 23 if and only if the maps (J t + ψ) are permutations of the set Q for any t ∈ Q. Then A⊥A 132 if and only if the maps (ϕ 2 +IJ k ψ) are permutations of the set Q for any k ∈ Q.
Corollary 54. Any left linear right alinear quasigroup over the group S n (n = 2; 6) is not orthogonal to its (132)-parastrophe. is a permutation of the set Q for any b ∈ Q. We denote the expression (ψ −1 (Ib + c)) by the letter t. We obtain: A⊥A 123 if and only if the map (ψ 2 + ϕIJ t ) is a permutation of the set Q for any t ∈ Q. Case 5. From Theorem 34 we have: A⊥A 132 if and only if the map ψψ −1 ϕ + ϕ −1 ψ = ϕ + ϕ −1 ψ = ϕ −1 (ϕ 2 + ψ) is a permutation of the set Q.
Remark 56. Using results of Lemma 22 we can put c = 0 in Theorems 51, 53, and 55.
Corollary 57. Any left alinear right linear quasigroup over the group S n (n = 2; 6) is not orthogonal to its (13)-and (123)-parastrophe.
Proof. The proof follows from Theorem 55 and Lemma 46. Indeed, we can take into consideration that A⊥A 13 ⇐⇒ the map (ϕ+IJ (Ib+c) ) is a permutation of the set Q for any b ∈ Q and the fact that there exists an element p ∈ S n such that (ϕ + IJ (Ip+c) )x = 0 for any x ∈ Q.
The second case is proved in the similar way.
